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Abstract 

A derivation of entropy from tlie expressions for two dimensional gravitation anomalies is 
given. Starting from the near horizon anomalous energy-momentum tensors corresponding 
to particular anomalies, the Virasoro algebra with central extension is obtained. The central 
charge is identified by comparing with the standard form of the algebra. Then the conserved 
charge in the ground state is computed. Finally, using the Cardy formula the entropy is 
obtained. Here both the vector and chiral theories are discussed. 



> ■ 1 Introduction 

I Since the discovery of Hawking effect [1] , there are several methods in the literature to understand 

■ this. The important feature is that all of them yield the universal result: temperature and entropy 
of a black hole are proportional to the surface gravity and the horizon area, respectively [lj,i2j. Still 
it remains as a long standing and important question whether the black hole thermodynamics 

■ has a statistical description in terms of microscopic states. Till now there exists several ways 
towards this attempt: loop quantum gravity [3], string theory [4j, the conformal field theory 
O E] technique, etc. But none of them is complete. 

^ ■ After the discovery of the Hawking effect, people started thinking that it may play a major 

role to shed some light towards the quantum nature of gravity. Therefore it is necessary to have 
deeper understanding of this effect. Among the existing approaches, anomaly method attracted a 
lot. The idea is that: it is not possible to simultaneously preserve conformal and diffeomorphism 
symmetries at the quantum level. In vector theory, any one of them must be sacrificed. As the 
latter symmetry is usually retained, there is, in general, a violation of the conformal invariance 
which is manifested by a non- vanishing trace of the energy-momentum tensor and leads to trace 
anomaly [7]. Whereas in the chiral theory both the trace and diffeomorphism anomalies exist 
[51[9l[T0]. Long ago, Christansen and Fulling [11] first determined the Hawking flux in the vector 
theory for a two dimensional black hole. 

Recently, the method has been extended to the higher dimensional black holes {D > 4) . This 
is mainly based on the fact that near the event horizon the effective theory is two dimensional 
and the background is effectively the two dimensional (t — r) black hole metric [12 ^1131 [H] . Now 
since, the ingoing modes are absorbed classically by the black hole, the theory must be chiral 
near the horizon and at the quantum level both the trace and diffeomorphism anomalies will 
appear. In this case, there exists two types of anomaly expressions: consistent and covariant 
expressions. They are related by a local counter term [8l |9l [10]. Robinson and Wilczek [12] 
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showed that the Hawking flux can be obtained from the consistent anomaly expression with the 
use of the covariant boundary condition. In this case, both the Ward identities were required. 
Later on, an elegant and conceptually clearer derivation was given in [15] which was based on 
the covariant anomaly expression 0. Interestingly, only one Ward identity was required. 

Although, the anomaly approach has been applied for several metrics to find the emission 
flux, nevertheless, a connection between these anomalies and the entropy has so far been missing 
in the literature. Such a investigation is necessary to have complete understanding of the role 
played by the anomalies in gravitational physics. In this paper, we establish this connection 
precisely in the case of an arbitrary dimensional static black hole. 

We briefly give our methodology to compute the entropy using the near horizon gravitational 
anomalies. The method, we shall follow here, is the conformal fleld theory (CFT) technique, 
particularly the work of Solodukhin [21]. It is well known that the relevant conformal theory is 
the Liouville theory |20] living on the two dimensional boundary. In this theory, the conserved 
charges corresponding to near horizon diffeomorphism symmetry generators obey the standard 
Virasoro algebra with central extension and it leads to central charge [21] H. Then evaluating the 
ground state conserved charge one can flnd the entropy using Cardy formula [22]. Here, we shall 
first cast the anomalous energy-momentum tensors corresponding to respective theories (vector 
and chiral theories) to the identical form of that of Liouville theory, since this is a relevant 
theory for the conformal field theory [20j. This will be done by using the transformations of 
metric and the auxiliary scalar field. Using this transformed tensor, the conserved charges 
L„, corresponding to the near horizon diffeomorphism symmetry generators [23^ 124] , will be 
defined. Computation of the commutator among L„ will lead to the standard Virasoro algebra 
with the central extension. Then one can immediately identify the central charge. The other 
important quantity is the conserved charge corresponding to the zero mode, i.e. Lq. This will be 
obtained by straight forward evaluation. We shall then apply the Cardy formula [22] to obtain 
the expression for entropy. Generally two copies of Virasoro algebra, one for L„ (holomorphic) 
and other for L„ (anti-holomorphic) , contribute to the entropy. However, in our case since the 
theory is near horizon where only ingoing modes contribute, and so only one copy, namely 
is sufficient to calculate the entropy. 

The organization of the paper is as follows. In the next section, the near horizon effective 
two dimensional metric will be introduced. Here it will be written in the null coordinates which 
will be relevant for our subsequent analysis. In section 3, the energy-momentum tensor in two 
dimensional vector theory will be casted to that of Liouville theory. Defining the conserved 
charge, we will obtain the Virasoro algebra. Then by the Cardy formula the entropy will be 
obtained. Next section will be devoted for the same in the case of chiral theory. Final section 
will contain the conclusions. 



2 Metric and null coordinates 

The physics of a black hole is mainly dominated by the event horizon properties. Near this 
horizon, the theory is effectively determined by the two dimensional (t — r) metric [12 \ 113 ^ [T^: 

ds^ = F[r)dt^ - (1) 

whose event horizon is defined by the relation F{r = rn) =0 and the surface gravity is given 
by K = — ^^"^ later analysis, it will be appropriate to use the null tortoise coordinates, 

^For more details and several important issues, see [161 1171 [T51 119j . 

For a Hamiltonian or Lagrangian approach and its related issues to find the Virasoro algebra, see [231 1241 1251 
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defined as, 

dr 



t + r*; dr* 



F{r) ' ' 

In these coordinates metric ([T]) takes to the following form 

Fir) 

ds = — ^ — {dudv + dvdu) . (3) 

The justification of choosing the effective 2D metric ([T]) for our purpose of finding entropy 
by two dimensional gravitational anomalies in the context of Virasoro algebra is as follows. 
Consider first the following four dimensional metric: 

dr"^ 

dsl = Fir)dt^ - — - - r'^idO'^ + sin^ Odcj?) . (4) 
F[r) 



The horizon (apparent) is defined as the curve H such that 

(7"'V,rVf,r|H = , (5) 

where gab is the {t — r) sector of the full metric This clearly says F{r = rn) = 0, as 
stated earlier. Now the above condition is invariant under conformal transformation gab 
^^9ab and so the two dimensional metric is determined by this condition only upto a conformal 
factor. Interestingly, very near to the horizon, the diffeomorphisms which preserve the condition 
([5]), form the infinite dimensional group of conformal transformations in two dimensions. The 
corresponding generators satisfy Virasoro algebra. Also, the fields become massless. For details, 
see section 2 of [21]. Therefore, the physics, near the horizon, is conformal and governed by an 
effective two dimensional field theory. Thus we see that the horizon defining condition ^ is 
essentially a condition on the radial function r of the full metric ^ and the two dimensional 
metric is determined upto a conformal factor. So the horizon dynamics is encoded in the radial 
function while the 2D metric is chosen from the same conformal class. Therefore, here we have 
chosen the two dimensional metric as ([I]) and it is feasible to study conformal field theory on 
this background. 



3 Vector theory, Virasoro algebra and entropy 

In this section, the entropy will be evaluated from the anomalous stress tensor for the vector 
theory. The idea is that near the event horizon, the theory is effectively dominated by the two 
dimensional metric of the form ([3]). For details, see [12 ^ 113 ^ [T^. Now the energy-momentum 
tensor for the scalar field under this effective two dimensional metric, at the quantum level, leads 
to non-vanishing trace since usually the diffeomorphism symmetry is retained. Such theory is 
called as vector theory. 

In this case, the trace anomaly is given by 



and the energy-momentum tensor satisfies the conservation equation V"Ta6 = 0. The anomaly 
induced effective action Sp, obtained from the functional integration of = -^^g'^^^^ 
given by the Polyakov action 



Sgab, IS 



= I d^x^gRlk . (7) 

967r J □ 
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This action is non-local and it can be written in local form by introducing an auxiliary field 
The two dimensional anomalous energy-momentum tensor is given by, 



(8) 



'ab 



2 6Sp 



1 



-g Sg'^'' 487r L 



VaWfe^ - 2VaVfe$ + ~gab[2R - ^Vcl>V^I> 



(9) 



with the auxiliary scalar <I> satisfies the equation of motion, 

U^ = R . 



(10) 



Here R is the two dimensional Ricci scalar. Christensen and Fulling [TT] evaluated the Hawk- 
ing flux by solving the conservation equation and the trace anomaly expression ([6]) for the 
Schwarzschild black hole. Here, in the following, we will find the entropy from the expression 
for anomalous energy- momentum tensor ([9]). 

Now it is known that the Liouville theory is conformally invariant and possesses two sets 
of Virasoro generators L„ and L„ [20]. Therefore, it is a relevant CFT and so it is convenient 
to recast the energy-momentum tensor ([9]) into that of the Liouville theory so that it fits into 
the Virasoro scheme. The same technique was also adopted in [21j, where the four dimensional 
Einstein-Hilbert action was casted to Liouville action by dimensional reduction technique and 
then imposing a set of particular transformations. Motivated by this fact, here also we will do 
the same. This is done by the following set of transformations. 



9ab 



qrjj 16 



9ab: ~^='^^ 



(11) 



Under these, ([9]) and (llOp transform to 



Tab 



1 

48^ 



-Va$Vfe$ - ^VaVb$ + gab(2R - ^Ve^V^^ 



{ 



qru 



V 16 



+ 



qru 



R 



T, 



ah 



487r l2 4 <^ ' ^aoy 4 ^ 4 



(12) 
(13) 



where rn is the radius of the event horizon and g is a constant. Substituting (fT3j) in (fT2]) . the 
energy-momentum tensor reduces to the following form 



(14) 



This is similar to the energy-momentum tensor of Liouville theory as obtained by Solodukhin 
[21 ] from the four dimensional Einstein-Hilbert action. Here, we obtained this from the two 
dimensional trace anomaly expression by applying the transformations (jlip . 
Before proceeding further, note that because of non-vanishing of trace 



1 qrn 
487r 4 



(15) 



corresponding to the stress tensor (I14p . the theory is not conformal. However, within the small 
vicinity of the horizon, we will show below that the theory becomes conformal. In the {t,r*) 
coordinate, equation of motion for <I> under the background ([1]) reads, 



V 16 



qrH 



R 



(16) 
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Now for the metric ([T]), i? is non-zero and since F — )• near the horizon, right hand side of the 
above is neghgible. Therefore, (jl6p reduces to 



(17) 



which signifies that due to existence of the horizon, the free scalar field is propagating in flat 
spacetime near the horizon. Hence the trace (jlSp vanishes and it implies that the Poisson algebra 
of the components of trace tensor (114p closes and they form the Virasoro algebra very near to 
the horizon. Therefore, the theory of the scalar field whose tress tensor is given by (jl4p . is 
conformal when one considers it in the small vicinity of the horizon. 

Let us now proceed to obtain the Virasoro algebra among the charges corresponding to the 
near horizon diffeomorphism symmetry generators. Since near the horizon the ingoing modes 
contribute, only the T^^ component of ()14p is important. Under the metric ([3]), T^^ component 
comes out to be 



1 

48^ 



1 qrn (q2^ dyF{r] 



F{r) 



Again, since we are interested only near the horizon where ^"'^^''^ 



reduces to the following form. 



1 

48^ 



(18) 

^ ^2^^ = K, the above 
(19) 



Here, we shall determine the entropy by counting the horizon microstates of ([T]) via Cardy 
formula 1221 . 



5 = 27r 



corresponding to the quantum Virasoro algebra 



C 



[Ln, Lm] = (n - m)Ln+m + rrrnin - l)6n+m,0 ■ 
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(20) 



(21) 



In the above, [, ] is the commutator while C and L„ are the central charge and the conserved 
charge for nth mode respectively. For the present case we define Ln as, 



(22) 



where ^n(i') is the near horizon diffeomophism symmetry generator, obeying one sub-algebra 
isomorphic to Diff S^, 



[Cn,(,m] = (n - m)(,n+r. 



(23) 



Following [24|, the explicit form of these generators for the metric ([T]) satisfying (j23p can be 
obtained. These are given by. 



?n = -e 

K 



(24) 



where n is an integer, can be positive and negative as well. The coordinate v is periodic within 
the range < f < — and hence we choose this as the limits of the integration 
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Now, in order to obtain the commutator of the conserved charges (j22|) . let us first calculate 
the Poisson bracket {L„,Lm}- This will contain a Poisson bracket {Tyy(v),Tyy{v)}. To evaluate 
the bracket, we need the following basic Poisson bracket relation 

{^{r*,t),dt^{f*,t)} = 487r5(r* - r"*) (25) 

and so consequently, we have, 

{{dt + dr*)<^{r*,t), {dt + df,)dt^{f*,t)} = 967rdr*6{r* - f*) . (26) 



The bracket (j25p is actually the bracket among the field and its conjugate momentum. The 
normalization in the right hand side has been fixed by the normalization in the corresponding 
action. In radial null coordinates, above bracket reduces to the following form, 

{dy^{v), d^<^{v)} = A87rdy6{v - v) . (27) 

For the present case Tyy{v) is given by (fT9|) . So using ([27|) we obtain 

{nv{v),n,iv)} = -L\d,^{v)d,<^>{v)d,6{v - v) - ^d,^{v)d,d,5{v - v) 

4o7r L 4 
+ ^d,^v)dj{v -v)- '^d,^{v)dl5{v - v) 



^ -dy^{v)dy6{v -v) - (^^) Kdvd-j)6{v - v) 

+ [^yK''d,6{v-v)\ . (28) 

Hence, considering that the auxiliary field <& and its derivatives with respect to v are periodic 
within the interval < u < 27r/K;, we find, 

{Lm Lm} = J dvi^ndv^m ~ ^mdv^n^T^v ~ ^ — ^ — ^ J dv^rndv$.n 

- ^(crY I dvd.^^d% . (29) 

Finally, substituting the expressions for ^„ from ()24p in the above and performing the integration 
we obtain, 

i{Ln,Lm} = (n - m)Ln+m + ^ (^^) ('^^ + n)5n+mfl ■ (30) 

Application of the usual prescription for getting the commutator relation from the Poisson 
bracket yields, in the unit h = 1, 

[Ln,Lm] = i{Ln, Lm] = (n - m)Ln+m + ^ (^^) ^'^^ + n)6n+m,0 ■ (31) 



In order to put this similar to the standard form (|2T|) . let us redefine L„ as. 
This redefinition leads to the following algebra: 

[Ln, Lm] = (n - m)Ln+m + ^ (^^) "('^^ ~ l)6n+m,0 ■ (33) 
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Comparing this with (j'21|) we obtain the central charge for the black hole case, 

C=^. (34) 



Next step is to find the value of Lq. By the definition for L„ (j22p we have, 

Lo = ^Jdv - ^9,2$ + ^9.$] . (35) 

Here, since $ and its derivative terms with respective to coordinate v are periodic within the 
interval < v < 27r/K, the following intregal vanishes: 

Jo 

/ dv = «>|o = . (36) 
Jo 



To evaluate the first integral in (135p we will use the following trick. Let us first find the solution 
of $ from (|13p . For simplicity we consider the Schwarzschild black hole. Also, our region of 
interest is near the event horizon and therefore we need only (i — r)-sector of the metric. In this 
case, the solution is given by 



where a, A and B are arbitrary constants. Now it has been shown that the relevant vacuum 
state to obtain the Hawking flux, in the context of gravitational anomalies (both in vector case 
[45j and in chiral case [13 )) is the Unruh vacuum. In this vacuum, the solution for $ near the 
horizon comes out to be 



/qru 2 V , , 

$ - — + — + constant . (38 

V 16 arvi) AM ^ ' 



Using this value we obtain, 



dv [d.,^f = 



Jo ^ 16 qraJ 4M J„ 

V 16 qrn^ 4M Jq 



and so Lq vanishes. Therefore, the redefined Ln (I32p yields 



Lo = ^ (40) 
"384 ^ ^ 

Now, substituting and (|iO|) in the Cardy formula (pOj) . we obtain the entropy, 



2/2 



96^/2 



5b// (41) 



where Sbh = -tt^ is the Bekenstein-Hawking entropy and Ip is the Planck length. Note that 

p 

the conformal entropy S is equal to the Bekenstein-Hawking entropy if we choose = 
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Now several comments are in order, (i) To see that there is no dimensional ambiguity in 
the transformations (jlip . remember, in two dimensions $ is dimensionless if we choose Lorentz- 
Heaviside unit. Hence qr^j must be dimensionless and this is actually the case since the dimension 
of q, as we just observed, is inverse of length, (ii) Here we obtained the entropy from the 
anomalies which are the result of the quantization of the matter fields near the horizon. So the 
entropy (j4ip is not the entropy of the black hole, rather it can be interpreted as that of the 
matter. But interestingly, the matter entropy is proportional to the horizon area. Similar has 
been observed earlier in [46] for a freely falling box of ideal gas in a black hole, (iii) Both the 
central charge C and the zero mode eigenvalue Lq depend on q. The dependence of C on g 
is similar to [21] while that of Lq on q is different. This is because the we applied a different 
method to find Lq. Solodukhin determined it from a more general zero mode solution of field 
equation near the horizon and imposing specific boundary conditions. While we found it by 
just redefining L„ and hence in our case Lq is proportional to q^. Therefore the final expression 
for entropy contains the parameter q. This ambiguity is because a direct evaluation leads to 
vanishing Lq for the classical configuration. Depending on the regularization of the ground 
state one can obtain a non-zero value and different regularization leads to different value. Of 
course, one might be interested to see if there exists any method in which Lq will come out to 
be inversely proportional to and in that case the expression for entropy will not contain any 
undetermined coefficient. 



4 Chiral theory, Virasoro algebra and entropy 

In chiral theory, if one of the symmetries (conformal or diffeomorphism) breaks down then 
naturally other must breaks down. Hence both trace and diffeomorphism anomalies will appear 
in this theory. The analogous energy- momentum tensor is given by [471 \W[ [T7] , 



4o7r L4 z z . 



(42) 



where Da = Va i eab^^ is the chiral derivative and the auxiliary field G satisfies the equation 
of motion, 

nG = R . (43) 

Here + (— ) corresponds to the ingoing (outgoing) mode. Since, again the near horizon theory 
will be considered where only ingoing mode exists, we will concentrate on the plus sign. This 
stress tensor corresponds to both the trace and diffeomorphism anomalies which are in covariant 
form. The expressions are: 

Now, as earlier, to get a form of energy-momentum tensor similar to that of Liouville theory 
the transformations (jlip will be applied on ()42p and (j43p . Then proceeding in the identical way 
we obtain the following transformed energy-momentum tensor, 



~ 487r 



^DaGD.G - ^DaD.G + ^g^.l^^OG - ^V.GV^G + ^(^fv.GV'G) .(45) 



Near the horizon, since only ingoing modes will be considered, under the background metric ^ 
we must have, 

= 2V„; Du = . (46) 

Therefore, T^^ component is given by (jlSp . Hence following the identical steps we find the 
entropy as (|^T]) . 
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5 Conclusions 



The effective theory near the event horizon of black hole corresponds to (1 + l)-dimensional 
metric and is conformal. Such situation gives rise to the two dimensional gravitational anomaly 
at the quantum level. Depending on the nature of the theory (vector or chiral), there exits trace 
[7] or both trace and diffeomorphism anomalies [8l|9l[10]. It has been shown that the Hawking 
flux can be derived from these anomaly expressions [HI [12l [131 [E] • So it may be possible that 
the anomalies can play a crucial role to illuminate the quantum nature of a black hole. Hence, 
one has to see if they have a wide applicability in the different aspects of the gravity. 

In this paper, we made an attempt to the thermodynamics of the black hole system. Here we 
found the entropy from the anomalous energy-momentum tensor corresponding to the particular 
anomaly /anomalies. We discussed both vector as well as chiral theories. We adopted the 
conformal field theory technique proposed earlier in |5l[6l[2T]. First, the expressions for energy- 
momentum tensors were casted to that of Liouville theory, since this a relevant conformal theory. 
Then the conserved charges corresponding to the near horizon ingoing tensor and diffeomorphism 
symmetry generators were defined. An explicit calculation of commutator between these charges 
gave rise to the Virasoro algebra which had the central extension. Finally, identifying the central 
charge and calculating the charge of the zero mode, we derived the entropy by the Cardy formula. 

It was noted that the entropy came out to be proportional to the well known Bekenstein- 
Hawking expression. The proportionality constant contained a undetermined parameter "g", 
originally appeared in the transformations (llip . To obtain the exact expression one needed to 
choose a particular value of it. The similar situation has been encountered earlier in \38\ 140] . 
The independent derivation of such choice may be interesting and will make this method more 
appealing. Unfortunately, it is not known to the author. 

Despite this limitation, our paper addressed a glaring omission in the literature. A way 
to find the entropy from the gravitational anomalies has been given. This may explore the 
importance of anomalies in studying the quantum nature of gravity. 
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